We present in this paper a thermodynamic model for flow induced crystallization of a thermoplastic. The thermomechanical framework (generalized standard materials) allows us to couple in a very natural way the kinetics of crystallization with the mechanical history experienced by the thermoplastic [1] . In describing the viscoelastic properties of the polymer with a molecular theory, we obtain a model for flow-induced crystallization that couples the chain conformation to the kinetics of crystallization. This model intends to be valid both for shearing and elongation. We present the equations for two cases: Maxwell and Pom-Pom constitutive equations. We finally illustrate our model with injection molding simulations achieved with a dedicated Finite Element code. *
Introduction
The aim of this paper is to present a model that couples the mechanical history experienced by a polymer to its kinetics of crystallization. This model is obtained in the thermodynamic framework of so called "standard materials" that is extended here to molecular theories. In most existing theories (see [2] [3] [4] for example), flow induced crystallization is modelled with two independent steps. In a first one, kinetics laws are parameterised by flow conditions (shear or elongation) and independently or in a second step the mechanical materials properties (viscosity, relaxation time …) are parameterised by the degree of crystallinity. Our point of view is similar to the one developed by McHughs and co-workers [5] . We believe that it is possible to model flow induced crystallization in the framework of irreversible thermodynamics. This means in particular that the two-abovementioned steps are in fact not independent (in analogy with Onsager reciprocal relations). general notation for a convective derivative X thermodynamic internal variable Y thermodynamic dual variable φ intrinsic dissipation ψ free energy (indices "c" and "a" are relative to crystalline and amorphous phase) ϕ * dissipation pseudopotential (index "N" refers to quiescent (natural) crystallization and index "M" stands for mechanical dissipation) ρ 0 density τ extra stress tensor D strain rate tensor ( 
Generalized standard materials:
The standard material formalism has been extensively used in solids mechanics to describe elasticity, plasticity, damage as well as many different coupled phenomena. We give here a new extension of this formalism, which enables us to account for molecular parameters (conformation tensor, tube orientation or extension …) in finite strains.
The main idea of this formalism is that two potentials are required to describe the behaviour of a material. The first one is a thermodynamic potential (specific Gibbs free energy ψ for example), which allows us to quantify the ability of the material to store energy. The second one is called a pseudo-potential, which allows us to quantify the ability of the material to dissipate energy. The general procedure is the following:
Step 1: Identify which materials parameters X 1 describe the storage of energy. Then quantify this energy, (i.e. give a mathematical expression for ) X ( ψ ) and calculate the dual variable
Step 2: Identify a material derivative t D D/ . This derivative is chosen so that for reversible processes (i.e. for short experimental time scales compared to materials
. Then, if we write the specific dissipation
and we note that this dissipation must be zero as soon as the process is reversible (i.e. as soon as 0
), we obtain an expression for the extra stress tensor τ.
Step 3: Identify dissipation pseudopotential ) (
In order to satisfy the second law of thermodynamics (Clausius Duhem inequality), this potential is assumed to be convex such that 0 ) 0 (
. The derivation of this pseudopotential is not always obvious, but from known constitutive relations it is usually possible to find it out.
This formalism allows us to extend the mechanical constitutive relation and to account for different coupling phenomena like induced crystallization.
Induced crystallization-General framework
Quiescent crystallization:
Noting x and ∞ x the actual and ultimate degree of crystallinity,
) the free energy for a purely crystalline (resp. purely amorphous) phase, L the latent heat of crystallization, noting n (resp. χ(T)) an adjustable scalar (resp. function of temperature),
we have shown in [1] that Nakamura quiescent crystallization kinetics (1-2) can be put 1 X can be either a set of scalar, vector or tensor variables
is a kind of generalization of the M matrix of the GENERIC formalism into the standard form (3) (4).
and thus
Flow induced crystallization:
A «natural» model for induced crystallization consists in simply adding the different potentials (index M referring to Mechanical constitutive behaviour and index N to Nakamura's kinetics). The coupling is achieved essentially by the fact that the mechanical parameters depend on the degree of crystallinity.
Superscripts (f) and (Λ) mean that the rheological parameters (Maxwell relaxation time and viscosity for example) are parameterised by the degree of crystallinity. Governing equations are deduced from (6-7) in following the 3-abovementioned steps. In particular, kinetics of crystallization writes:
Flow induced crystallization for a power-law viscous fluid:
A power-law viscous fluid is modelled here as a viscoelastic fluid undergoing very small elastic strains ε e .
Step 1 : ) :
Step 2: If D denotes the strain rate tensor
The dissipation writes then
Leading to:
Step 3:
So that the constitutive law is classically written, in neglecting the elastic strains:
Step 4: Assuming that m is not affected by crystallization, equation (8) then writes:
Discussion:
As a consequence of a kind of Onsager principle, the influence of flow on crystallization is completely determined by the influence of crystallization on the flow (i.e. by the way the rheological parameters depend on crystallinity through Λ) -In the Newtonian case (m = 1, K = η), the equations are explicit. As Λ is an increasing function of the crystallinity α, it can be seen that there is two mechanisms for crystallization. The first one has a thermal origin and is correctly described by the Nakamura law. The second one has a mechanical origin: as soon as the viscosity depends on Λ and as the thermal crystallization is not instantaneous, there is a crystallization induced by the flow. This dependence is equivalent to a dependence of the viscosity on α. An illustration of this point is found on two different rheological tests assumed to be carried out with polymers of different molecular length. In the first test we consider a shearing experiment carried out at a constant shear rate. The viscosity is proportional to the molecular length to a power of 3.4, thus one can deduce from (15), that the longer the molecule is, the more effective is the flow induced crystallization. In a second test, we consider a shear experiment, which is carried out at a constant shear stress. The viscosity is then put at the denominator, which induces an opposite influence: the longer the molecule is, the less important is the induced crystallization.
- Figure 1 depicts the evolution of the shear viscosity with respect to time in a test carried out at a constant temperature and shear rate. The function ) (Λ K is adjusted to fit at best the experiments of Titomanlio etbbb al. [3] (Figure 2) . The qualitative evolution of viscosity with time is correctly predicted. It can also be noted from Figure 3 that, though no induction time has been artificially introduced into the model, an apparent induction time is correctly predicted: the crystallization seems to take place after a certain time only, and this induction time appears to be a decreasing function of strain rate. the end-to-end vector of the polymeric chain) is given by:
Where δ/δt denotes the upper convected derivative
So that, if D denotes the strain rate tensor, the extra stress tensor writes:
Step 1: The free energy depends on temperature T and conformation tensor c . So that, in neglecting thermo elasticity:
Step 
So that the expression for the extra stress tensor is deduced as:
Step 3: The pseudopotential is given by:
Pom-Pom model
The Pom-Pom model exhibits two relaxation mechanisms: tube orientation S and backbone stretch λ. In its differential form, it can be written
Step 1 : The free energy depends on S and λ and can be written, following Öttinger expression for the entropy [7] : ) ) ln 
Step 2:
∆/∆t is a convective derivative preserving the trace, which is "naturally" associated to the upper convected derivative δ/δt for a tensor of trace unity (Tr(S) = S kk = 1). More precisely:
The most important point that we whish to discuss here are the following: -As soon as we have chosen a model for the rheological behaviour of the polymer and that we are able to express it into the thermodynamical "standard" form, we are able to write a model for induced crystallization, which is "naturally" associated to this rheological model. A physical interpretation for this is that crystallization is related to the microscopic chain displacements and that the link between chain conformation and macroscopic mechanical is precisely the rheological constitutive relation. It can thus be understood that most of the induced crystallization mechanisms are already contained inside the rheology.
-This is not the only way to do it. McHugh et al. for example in a similar spirit (Generalized Hamiltonian Systems) decide to introduce a specific coupling function aimed to fit at best the crystallization kinetics. In case of necessity, we could do the same in our formalism, but we present here the simplest models.
-This formalism allows one to achieve numerical simulations. Injection moulding is simulated for example with the Pom-Pom model. Numerical procedure is described in [8] . Figure 4 shows (for an advancing front coming from left side to right side), the evolution with time of the degree of crystallinity. At the end of the moulding stage (last picture), the skin layer begins to solidify and exhibits a crystallization affected by the flow. Figure 5 shows for the same experimental situation, the evolution of the stretch λ. Here again the skin layer is predominantly stretched. Figure 6 shows the orientation of the molecules. Near the flow front the fountain effects disorients the molecules, which are almost oriented near the walls. 
